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1. Introduction
Recently, Huang and Zhang [1] introduced the concept of a cone metric space where every pair of elements is assigned
to an element of a Banach space equipped with a cone which induces a natural partial order. They proved some fixed point
theorems for such spaces in the samework. After that, fixed point results for conemetric spaces were studied bymany other
authors. References [2–9] are some works in this line of research.
The weak contraction principle was first given by Alber et al. for Hilbert spaces [10] and subsequently extended to
metric spaces by Rhoades [11]. After that, fixed point problems involving weak contractions and mappings satisfying weak
contraction type inequalities were considered in several works like [12–17]. In particular, in cone metric spaces the weak
contraction principle was extended by the present authors [18].
In the present paperwe prove three results on points of coincidence and common fixed points for twoweakly compatible
mappings in cone metric spaces by using a control function, where these mappings are assumed to satisfy certain weak
inequalities. It may bementioned that some fixed point results for weakly compatiblemaps in conemetric spaces have been
deduced by Abbas and Jungck [2]. The use of a control function in fixed point theory was initiated by Khan et al. [19]; they
called it an altering distance function. This function has been used in obtaining fixed point results for metric spaces [20–22]
and probabilistic metric spaces [23,24]. It has also been used in multivalued and fuzzy fixed point problems [25].
2. Mathematical preliminaries
Definition 2.1 ([1]). Let E always be a real Banach space and P a subset of E. P is called a cone if and only if:
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(i) P is nonempty, closed, and P 6= {0},
(ii) a, b ∈ R, a, b ≥ 0, x, y ∈ P H⇒ ax+ by ∈ P ,
(iii) x ∈ P and−x ∈ P H⇒ x = 0.
Given a cone P ⊂ E, a partial ordering≤with respect to P is naturally defined by x ≤ y if and only if y− x ∈ P , for x, y ∈ E.
We shall write x < y to indicate that x ≤ y but x 6= y, while x  y will stand for y − x ∈ int P , where int P denotes the
interior of P .
The cone P is said to be normal if there exists a real number K > 0 such that for all x, y ∈ E,
0 ≤ x ≤ y⇒ ‖x‖ ≤ K‖y‖.
The least positive number K satisfying the above statement is called the normal constant of P .
The cone P is called regular if every increasing sequence which is bounded from above is convergent; that is, if {xn} is a
sequence such that
x1 ≤ x2 ≤ · · · ≤ xn ≤ · · · ≤ y,
for some y ∈ E, then there is x ∈ E such that ‖xn − x‖ −→ 0 as n −→ ∞. Equivalently, the cone P is regular if and only
if every decreasing sequence which is bounded from below is convergent. It is well known that a regular cone is a normal
cone.
In the following we always suppose that E is a real Banach space with cone P in E with int P 6= ∅ and ≤ is the partial
ordering with respect to P .
Definition 2.2. Let ψ : P −→ P be a function.
(i) We say ψ is strongly monotone increasing if for x, y ∈ P , x ≤ y⇐⇒ ψ(x) ≤ ψ(y).
(ii) ψ is said to be continuous at x0 ∈ P if for any sequence {xn} in P , xn −→ x0 H⇒ ψ(xn) −→ ψ(x0).
Definition 2.3 ([1]). Let X be a nonempty set. Let the mapping d : X × X −→ E satisfy:
(i) 0 ≤ d(x, y), for all x, y ∈ X and d(x, y) = 0 if and only if x = y,
(ii) d(x, y) = d(y, x), for all x, y ∈ X ,
(iii) d(x, y) ≤ d(x, z)+ d(z, y), for all x, y, z ∈ X .
Then d is called a cone metric on X and (X, d) is called a cone metric space.
Definition 2.4 ([1]). Let (X, d) be a cone metric space and {xn} a sequence in X .
(i) {xn} converges to x ∈ X if for every c ∈ E with 0  c there exists n0 ∈ N such that for all n > n0, d(xn, x)  c. We
denote this by limnxn = x or xn −→ x as n −→∞.
(ii) If for every c ∈ E with 0 c there exists n0 ∈ N such that for all n,m > n0, d(xn, xm) c , then {xn} is called a Cauchy
sequence.
A cone metric space X is said to be complete if every Cauchy sequence in X is convergent in X . It is known that if P is a
normal cone, then {xn} converges to x if and only if d(xn, x) −→ 0 as n −→ ∞ and {xn} is a Cauchy sequence if and only if
d(xn, xm) −→ 0 as n,m −→∞ [1].
Definition 2.5 ([26]). Let f and g be self-maps of a set X (i.e., f , g : X −→ X). Ifw = fx = gx for some x ∈ X , then x is called
a coincidence point of f and g , and w is called a point of coincidence of f and g . Self-maps f and g are said to be weakly
compatible if they commute at their coincidence point; that is, if fx = gx for some x ∈ X , then fgx = gfx.
The results noted in the following lemmas will be used in deriving all theorems. The proofs of these lemmas give references
to the respective works in which they appear.
Lemma 2.1 ([2]). Let f and g be weakly compatible self-maps of a set X. If f and g have a unique point of coincidence
w = fx = gx, thenw is the unique common fixed point of f and g.
Lemma 2.2. Let E be a real Banach space with cone P in E. Then:
(i) if a ≤ b and b c, then a c [5],
(ii) if a b and b c, then a c [5],
(iii) if 0 ≤ x ≤ y and a ≥ 0, where a is real number, then 0 ≤ ax ≤ ay [5],
(iv) if 0 ≤ xn ≤ yn, for n ∈ N and limn xn = x, limn yn = y, then 0 ≤ x ≤ y [5],
(v) P is normal if and only if xn ≤ yn ≤ zn and limn xn = limn zn = x imply limn yn = x [27].
A control function ψ was introduced in the following result in [19].
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Theorem 2.1 ([19]). Let (X, d) be a complete metric space and f : X → X be a self-mapping which satisfies the following
inequality:
ψ(d(fx, fy)) ≤ cψ(d(x, y)), (2.1)
for all x, y ∈ X and for some 0 < c < 1, where ψ : [0,∞) −→ [0,∞) is a continuous and monotonic increasing function with
ψ(t) = 0 if and only if t = 0. Then f has a unique fixed point.
In fact Khan et al. proved a more general theorem [19, theorem 2] of which the above result is a corollary.
Hereψ is a control functionwhich alters themetric distance between any twopoints. The authors referred to this function
as the altering distance function. After the application of ψ , one cannot use the triangular inequality directly. As has been
mentioned in the introduction, this function and its generalizations have been used in a number of fixed point problems.
3. Main result
Lemma 3.1. Let (X, d) be a cone metric space with regular cone P such that d(x, y) ∈ int P, for x, y ∈ X with x 6= y. Let
φ : int P ∪ {0} −→ int P ∪ {0} be a function with the following properties:
(i) φ(t) = 0 if and only if t = 0,
(ii) φ(t) t, for t ∈ int P and
(iii) either φ(t) ≤ d(x, y) or d(x, y) ≤ φ(t), for t ∈ int P ∪ {0} and x, y ∈ X.
Let {xn} be a sequence in X for which {d(xn, xn+1)} is monotonic decreasing. Then {d(xn, xn+1)} is convergent to either r = 0 or
r ∈ int P.
Proof. Let {xn} be a sequence in X for which {d(xn, xn+1)} is monotonic decreasing. Since cone P is regular and 0 ≤
d(xn, xn+1), for all n ∈ N, there exists r ∈ P such that
d(xn, xn+1) −→ r as n −→∞.
If d(xn, xn+1) = 0, for some n then trivially r = 0. Hence we shall assume that d(xn, xn+1) 6= 0, for all n ∈ N. Then according
to the conditions of the lemma, d(xn, xn+1) ∈ int P , for all n ∈ N.
Let r 6= 0.
Since P is a regular cone, it is also a normal cone. Let B = {t ∈ int P : ‖t‖ < ‖r‖K }, where K is the normal constant of the
cone P . For every positive real number a with a < ‖r‖K and t ∈ int P , at‖t‖ ∈ B. Therefore, B is nonempty. Now we claim that
for every t ∈ B,
φ(t) ≤ d(xn, xn+1), for all n ∈ N.
Otherwise, there exists t0 ∈ B for which we can find a positive integerm such that
d(xm, xm+1) < φ(t0) (using the property (iii) of φ in the lemma).
Since {d(xn, xn+1)} is monotonic decreasing, we have
d(xn, xn+1) ≤ d(xm, xm+1) < φ(t0), for all n ≥ m,
which implies d(xn, xn+1) < φ(t0), for all n ≥ m.
Letting n −→∞ in the above inequality, by (iv) of Lemma 2.2 and using a property of φ, we have
r ≤ φ(t0) t0,
which implies ‖r‖ ≤ K‖t0‖, where K is the normal constant of cone P .
That is, ‖t0‖ ≥ ‖r‖K , which contradicts our assumption that t0 ∈ B.
Hence for every t ∈ B,
φ(t) ≤ d(xn, xn+1), for all n ∈ N.
Letting n −→∞ in the above inequality, we have
φ(t) ≤ r.
Therefore, for every t ∈ B,
r − φ(t) ∈ P; that is, r = φ(t)+ q, for some q ∈ P.
Now, 0 ≤ q φ(t)+ q (since φ(t) ∈ int P , for every t ∈ B). Then by (i) of Lemma 2.2,
0 φ(t)+ q; that is, 0 r.
Therefore, r ∈ int P . Hence the proof is completed. 
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Theorem 3.1. Let (X, d) be a cone metric space with regular cone P such that d(x, y) ∈ int P, for all x, y ∈ X with x 6= y. Let
f , g : X −→ X be such that
ψ(d(fx, fy)) ≤ ψ(d(gx, gy))− φ(d(gx, gy)), for all x, y ∈ X, (3.1)
where ψ : P −→ P and φ : int P ∪ {0} −→ int P ∪ {0} are continuous functions with the following properties:
(i) ψ is strongly monotonic increasing,
(ii) ψ(t) = 0 = φ(t) if and only if t = 0,
(iii) φ(t) t, for t ∈ int P and
(iv) either φ(t) ≤ d(x, y) or d(x, y) φ(t), for t ∈ int P ∪ {0} and x, y ∈ X.
If f (X) ⊆ g(X) and g(X) is a complete subspace of X, then f and g have a unique point of coincidence in X. Moreover, if f and g
are weakly compatible, then f and g have a unique common fixed point in X.
Proof. Let x0 ∈ X . Since f (X) ⊆ g(X), we construct a sequence {xn} in X such that fxn = gxn+1, for all n ≥ 0.
If there exists an integer N ≥ 0 such that fxN = fxN+1, then gxN+1 = fxN+1; that is, f and g have a point of coincidence.
Hence we shall assume that fxn 6= fxn+1, for all n ≥ 0.
By (3.1), we have for all n ≥ 0,
ψ(d(fxn+1, fxn+2)) ≤ ψ(d(gxn+1, gxn+2))− φ(d(gxn+1, gxn+2)),
that is,
ψ(d(fxn+1, fxn+2)) ≤ ψ(d(fxn, fxn+1))− φ(d(fxn, fxn+1)). (3.2)
Using a property of φ we have for all n ≥ 0,
ψ(d(fxn+1, fxn+2)) ≤ ψ(d(fxn, fxn+1)),
which implies that
d(fxn+1, fxn+2) ≤ d(fxn, fxn+1) (by the strongly monotone property of ψ).
Therefore, {d(fxn, fxn+1)} is a monotone decreasing sequence. Hence by Lemma 3.1, there exists an r ∈ P with either r = 0
or r ∈ int P , such that
d(fxn, fxn+1) −→ r as n −→∞. (3.3)
Taking the limit as n→∞ in (3.2), using (3.3) and the continuities of ψ and φ, we have
ψ(r) ≤ ψ(r)− φ(r),
which is a contradiction unless r = 0.
Therefore, d(fxn, fxn+1) −→ 0 as n −→∞. (3.4)
Next we show that {fxn} is a Cauchy sequence. If {fxn} is not a Cauchy sequence, then there exists a c ∈ E with 0  c , such
that ∀ n0 ∈ N, ∃n,m ∈ Nwith n > m ≥ n0 such that d(fxm, fxn) <6< φ(c). Hence by a property of φ in (iv) of the theorem,
φ(c) ≤ d(fxm, fxn).
Therefore, there exist sequences {m(k)} and {n(k)} in N such that for all positive integers k,
n(k) > m(k) > k and d(fxm(k), fxn(k)) ≥ φ(c).
Assuming that n(k) is the smallest such positive integer, we get
d(fxm(k), fxn(k)) ≥ φ(c)
and
d(fxm(k), fxn(k)−1) φ(c).
Now,
φ(c) ≤ d(fxm(k), fxn(k)) ≤ d(fxm(k), fxn(k)−1)+ d(fxn(k)−1, fxn(k)),
that is,
φ(c) ≤ d(fxm(k), fxn(k)) ≤ φ(c)+ d(fxn(k)−1, fxn(k)).
Letting k −→∞ in the above inequality, using (3.4) and the property (v) of Lemma 2.2, we have
lim
k→∞ d(fxm(k), fxn(k)) = φ(c). (3.5)
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Again,
d(fxm(k), fxn(k)) ≤ d(fxm(k), fxm(k)+1)+ d(fxm(k)+1, fxn(k)+1)+ d(fxn(k)+1, fxn(k))
and
d(fxm(k)+1, fxn(k)+1) ≤ d(fxm(k)+1, fxm(k))+ d(fxm(k), fxn(k))+ d(fxn(k), fxn(k)+1).
Letting k −→∞ in the above inequalities, using (3.4) and (3.5), we have
lim
k→∞ d(fxm(k)+1, fxn(k)+1) = φ(c). (3.6)
Putting x = xm(k)+1 and y = xn(k)+1 in (3.1), we have
ψ(d(fxm(k)+1, fxn(k)+1)) ≤ ψ(d(gxm(k)+1, gxn(k)+1))− φ(d(gxm(k)+1, gxn(k)+1)),
that is,
ψ(d(fxm(k)+1, fxn(k)+1)) ≤ ψ(d(fxm(k), fxn(k)))− φ(d(fxm(k), fxn(k))).
Letting k→∞ in the above inequality, using (3.5), (3.6) and the continuities of ψ and φ, we have
ψ(φ(c)) ≤ ψ(φ(c))− φ(φ(c)),
which is a contradiction by virtue of a property of φ.
Therefore, {fxn} is a Cauchy sequence in g(X). Since g(X) is complete, there exists a z ∈ g(X) such that
fxn → z as n→∞. (3.7)
Since z ∈ g(X), we can find p ∈ X such that gp = z.
Now, putting x = xn+1 and y = p in (3.1), we have
ψ(d(fxn+1, fp)) ≤ ψ(d(gxn+1, gp))− φ(d(gxn+1, gp)),
that is,
ψ(d(fxn+1, fp)) ≤ ψ(d(fxn, z))− φ(d(fxn, z)).
Taking the limit as n −→∞ in the above inequality, using (3.7) and the properties of ψ and φ, we have
ψ(d(z, fp)) ≤ 0,
which implies that d(z, fp) = 0; that is, fp = z.
Therefore, we have that
z = fp = gp. (3.8)
Hence p is a coincidence point and z is a point of coincidence of f and g .
We next establish that the point of coincidence is unique. For this, assume that there exists another point q in X such that
z1 = fq = gq and suppose that z 6= z1. Then, for x = p and y = q, we have by (3.1),
ψ(d(fp, fq)) ≤ ψ(d(gp, gq))− φ(d(gp, gq)),
that is,
ψ(d(z, z1)) ≤ ψ(d(z, z1))− φ(d(z, z1)),
which is a contradiction by virtue of a property of φ.
Therefore, z is the unique point of coincidence of f and g .
Now, if f and g are weakly compatible, then by Lemma 2.1, z is the unique common fixed point of f and g . Hence the
proof is completed. 
Theorem 3.2. Let (X, d) be a cone metric space with regular cone P such that d(x, y) ∈ int P, for all x, y ∈ X with x 6= y. Let
f , g : X −→ X be such that
ψ(d(fx, fy)) ≤ ψ
(
1
2
[d(fx, gx)+ d(fy, gy)]
)
− φ(d(gx, gy)), for all x, y ∈ X, (3.9)
where ψ : P −→ P and φ: int P ∪ {0} −→ int P ∪ {0} are continuous functions with the following properties:
(i) ψ is strongly monotonic increasing,
(ii) ψ(t) = 0 = φ(t) if and only if t = 0,
(iii) φ(t) t, for t ∈ int P and
(iv) either φ(t) ≤ d(x, y) or d(x, y) φ(t), for t ∈ int P ∪ {0} and x, y ∈ X.
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If f (X) ⊆ g(X) and g(X) is a complete subspace of X, then f and g have a unique point of coincidence in X. Moreover, if f and g
are weakly compatible, then f and g have a unique common fixed point in X.
Proof. We take the same sequence {xn} as in the proof of Theorem 3.1. Arguing like in the proof of Theorem 3.1, by the
condition (3.9) we prove that {d(fxn, fxn+1)} is a monotone decreasing sequence and
d(fxn, fxn+1) −→ 0 as n −→∞. (3.10)
Next we show that {fxn} is a Cauchy sequence. If {fxn} is not a Cauchy sequence, then using an argument similar to that given
in Theorem 3.1, we can find two sequences of positive integers {m(k)} and {n(k)} for which
lim
k→∞ d(fxm(k), fxn(k)) = φ(c) (3.11)
and
lim
k→∞ d(fxm(k)+1, fxn(k)+1) = φ(c). (3.12)
Putting x = xm(k)+1 and y = xn(k)+1 in (3.9), we have
ψ(d(fxm(k)+1, fxn(k)+1)) ≤ ψ
(
1
2
[d(fxm(k)+1, gxm(k)+1)+ d(fxn(k)+1, gxn(k)+1)]
)
− φ(d(gxm(k)+1, gxn(k)+1)),
that is,
ψ(d(fxm(k)+1, fxn(k)+1)) ≤ ψ
(
1
2
[d(fxm(k)+1, fxm(k))+ d(fxn(k)+1, fxn(k))]
)
− φ(d(fxm(k), fxn(k))).
Letting k→∞ in the above inequality, using (3.10), (3.11), (3.12) and the properties of ψ and φ, we have
ψ(φ(c)) ≤ −φ(φ(c)),
which is a contradiction by virtue of a property of φ.
Therefore, {fxn} is a Cauchy sequence in g(X). Since g(X) is complete, there exists a z ∈ g(X) such that
fxn → z as n→∞. (3.13)
Since z ∈ g(X), we can find p ∈ X such that gp = z.
Now, putting x = xn+1 and y = p in (3.9), we have
ψ(d(fxn+1, fp)) ≤ ψ
(
1
2
[d(fxn+1, gxn+1)+ d(fp, gp)]
)
− φ(d(gxn+1, gp)),
that is,
ψ(d(fxn+1, fp)) ≤ ψ
(
1
2
[d(fxn+1, fxn)+ d(fp, z)]
)
− φ(d(fxn, z)).
Taking the limit as n −→∞ in the above inequality, using (3.10), (3.13) and the properties of ψ and φ, we have
ψ(d(z, fp)) ≤ ψ
(
1
2
d(z, fp)
)
,
that is,
d(z, fp) ≤ 1
2
d(z, fp) (by the strongly monotone property of ψ),
which is a contradiction unless fp = z.
Therefore, we have that
z = fp = gp. (3.14)
Hence p is a coincidence point and z is a point of coincidence of f and g .
Like in the proof of Theorem 3.1, by the condition (3.9) we prove that z is the unique point of coincidence of f and g .
Now, if f and g are weakly compatible, then by Lemma 2.1, z is the unique common fixed point of f and g . Hence the
proof is completed. 
Theorem 3.3. Let (X, d) be a cone metric space with regular cone P such that d(x, y) ∈ int P, for all x, y ∈ X with x 6= y. Let
f , g : X −→ X be such that
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ψ(d(fx, fy)) ≤ ψ
(
1
2
[d(fx, gy)+ d(fy, gx)]
)
− φ(d(gx, gy)), for all x, y ∈ X, (3.15)
where ψ : P −→ P and φ : int P ∪ {0} −→ int P ∪ {0} are continuous functions with the following properties:
(i) ψ is strongly monotonic increasing,
(ii) ψ(t) = 0 = φ(t) if and only if t = 0,
(iii) φ(t) t, for t ∈ int P and
(iv) either φ(t) ≤ d(x, y) or d(x, y) φ(t), for t ∈ int P ∪ {0} and x, y ∈ X.
If f (X) ⊆ g(X) and g(X) is a complete subspace of X, then f and g have a unique point of coincidence in X. Moreover, if f and g
are weakly compatible, then f and g have a unique common fixed point in X.
Proof. We take the same sequence {xn} as in the proof of Theorem 3.1. Arguing like in the proof of Theorem 3.1, by the
condition (3.15) we prove that {d(fxn, fxn+1)} is a monotone decreasing sequence and
d(fxn, fxn+1) −→ 0 as n −→∞. (3.16)
Next we show that {fxn} is a Cauchy sequence. If {fxn} is not a Cauchy sequence, then using an argument similar to that given
in Theorem 3.1, we can find two sequences of positive integers {m(k)} and {n(k)} for which
lim
k→∞ d(fxm(k), fxn(k)) = φ(c) (3.17)
and
lim
k→∞ d(fxm(k)+1, fxn(k)+1) = φ(c). (3.18)
Again,
d(fxm(k), fxn(k)) ≤ d(fxm(k), fxn(k)+1)+ d(fxn(k)+1, fxn(k))
and
d(fxm(k), fxn(k)+1) ≤ d(fxm(k), fxn(k))+ d(fxn(k), fxn(k)+1).
Further,
d(fxm(k), fxn(k)) ≤ d(fxm(k), fxm(k)+1)+ d(fxm(k)+1, fxn(k))
and
d(fxm(k)+1, fxn(k)) ≤ d(fxm(k)+1, fxn(k)+1)+ d(fxn(k)+1, fxn(k)).
Letting k −→∞ in the above four inequalities, using (3.16)–(3.18), we have
lim
k→∞ d(fxm(k), fxn(k)+1) = φ(c), (3.19)
and
lim
k→∞ d(fxm(k)+1, fxn(k)) = φ(c). (3.20)
Putting x = xm(k)+1 and y = xn(k)+1 in (3.15), we have
ψ(d(fxm(k)+1, fxn(k)+1)) ≤ ψ
(
1
2
[d(fxm(k)+1, gxn(k)+1)+ d(fxn(k)+1, gxm(k)+1)]
)
−φ(d(gxm(k)+1, gxn(k)+1)),
that is,
ψ(d(fxm(k)+1, fxn(k)+1)) ≤ ψ
(
1
2
[d(fxm(k)+1, fxn(k))+ d(fxn(k)+1, fxm(k))]
)
−φ(d(fxm(k), fxn(k))).
Letting k→∞ in the above inequality, using (3.17)–(3.20) and the continuities of ψ and φ, we have
ψ(φ(c)) ≤ ψ(φ(c))− φ(φ(c)),
which is a contradiction by virtue of a property of φ.
Therefore, {fxn} is a Cauchy sequence in g(X). Since g(X) is complete, there exists a z ∈ g(X) such that
fxn → z as n→∞. (3.21)
Since z ∈ g(X), we can find p ∈ X such that gp = z.
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Now, putting x = xn+1 and y = p in (3.15), we have
ψ(d(fxn+1, fp)) ≤ ψ
(
1
2
[d(fxn+1, gp)+ d(fp, gxn+1)]
)
− φ(d(gxn+1, gp)),
that is,
ψ(d(fxn+1, fp)) ≤ ψ
(
1
2
[d(fxn+1, z)+ d(fp, fxn)]
)
− φ(d(fxn, z)).
Taking the limit as n −→∞ in the above inequality, using (3.21) and the properties of ψ and φ, we have
ψ(d(z, fp)) ≤ ψ
(
1
2
d(z, fp)
)
,
that is,
d(z, fp) ≤ 1
2
d(z, fp) (by the strongly monotone property of ψ),
which is a contradiction unless fp = z.
Therefore, we have that
z = fp = gp. (3.22)
Hence p is a coincidence point and z is a point of coincidence of f and g .
Like in the proof of Theorem 3.1, by the condition (3.15) we prove that z is the unique point of coincidence of f and g .
Now, if f and g are weakly compatible, then by Lemma 2.1, z is the unique common fixed point of f and g . Hence the
proof is completed. 
Example 3.1. Let X = [0, 1], E = R2, with the usual norm, be a real Banach space. We define P = {(x, y) ∈ E : x, y ≥ 0}.
Let the partial ordering≤with respect to the cone P be the partial ordering in E. Then P is a regular cone.
Let d : X × X −→ E be given as
d(x, y) = (|x− y|, |x− y|), for x, y ∈ X .
Then (X, d) is a cone metric space with the required properties of Theorem 3.1.
Let f , g : X −→ X be defined respectively as follows:
fx = x
2
− x
2
8
, for x ∈ X
and
gx = x
2
, for x ∈ X .
Then f and g have the properties mentioned in Theorem 3.1.
Let ψ : P −→ P and φ : int P ∪ {0} −→ int P ∪ {0} be defined respectively as follows:
For t = (x, y) ∈ P ,
ψ(t) =

(x, y), if x ≤ 1 and y ≤ 1,
(x2, y), if x > 1 and y ≤ 1,
(x, y2), if x ≤ 1 and y > 1,
(x2, y2), if x > 1 and y > 1
and for s = (s1, s2) ∈ int P ∪ {0}with v = min{s1, s2},
φ(s) =

(
v2
2
,
v2
2
)
, if v ≤ 1,(
1
2
,
1
2
)
, if v > 1.
Then ψ and φ have the properties mentioned in Theorem 3.1.
Also, f and g satisfy the inequality (3.1).
Hence the conditions of Theorem 3.1 are satisfied.
Here it is seen that 0 is the unique point of coincidence and also the unique common fixed point of f and g .
Example 3.2. Let X = {0, 1, 2, 3, . . .}, E = R2, with the usual norm, be a real Banach space. We define P = {(x, y) ∈ E :
x, y ≥ 0}. Let the partial ordering≤with respect to the cone P be the partial ordering in E. Then P is a regular cone.
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Let d : X × X −→ E be given as
d(x, y) =
{
(x+ y, x+ y), if x 6= y,
(0, 0), if x = y.
Then (X, d) is a cone metric space with the required properties of Theorem 3.1.
Let f , g : X −→ X be defined respectively as follows:
fx =
{
x− 1, if x 6= 0,
0, if x = 0
and
gx = x, for x ∈ X .
Then f and g have the properties mentioned in Theorem 3.1.
Let ψ : P −→ P and φ : int P ∪ {0} −→ int P ∪ {0} be defined respectively as follows:
For t = (x, y) ∈ P ,
ψ(t) = (x2, y2)
and for s = (s1, s2) ∈ int P ∪ {0}with v = min{s1, s2},
φ(s) =

(
v2
2
,
v2
2
)
, if v ≤ 1,(
1
2
,
1
2
)
, if v > 1.
Then ψ and φ have the properties mentioned in Theorem 3.1.
Also, f and g satisfy the inequality (3.1).
Hence the conditions of Theorem 3.1 are satisfied.
Here it is seen that 0 is the unique point of coincidence and also the unique common fixed point of f and g .
Remark 1. In the above example, we set x = n+1 and y = n, where n is positive integer. Then d(fx, fy) = (2n−1, 2n−1)
and d(gx, gy) = (2n+ 1, 2n+ 1). Clearly,
d(fx, fy) = knd(gx, gy), where kn = 2n− 12n+ 1 .
Since kn −→ 1 as n −→∞, there does not exist any kwith 0 ≤ k < 1 such that
d(fx, fy) ≤ k d(gx, gy), for all x, y ∈ X .
Hence Example 3.2 does not satisfy the condition (2.1) of Theorem 2.1 in [2].
Example 3.3. Let X = {α, β, γ , δ}, E = R2, with the usual norm, be a real Banach space. We define P = {(x, y) ∈ E : x, y ≥
0}. Let the partial ordering≤with respect to the cone P be the partial ordering in E. Then P is a regular cone.
Let d : X × X −→ E be given as
d(α, β) = d(β, α) = (0.5, 0.5), d(α, γ ) = d(γ , α) = (2, 2.5),
d(α, δ) = d(δ, α) = (2, 2.2), d(β, γ ) = d(γ , β) = (2, 2.4),
d(β, δ) = d(δ, β) = (2, 2.5), d(γ , δ) = d(δ, γ ) = (2, 2.6) and
d(α, α) = d(β, β) = d(γ , γ ) = d(δ, δ) = (0, 0).
Then (X, d) is a cone metric space with the required properties mentioned in Theorems 3.2 and 3.3.
Let ψ : P −→ P and φ : int P ∪ {0} −→ int P ∪ {0} be defined respectively as follows:
For t = (x, y) ∈ P ,
ψ(t) =

(x, y), if x ≤ 1 and y ≤ 1,
(x2, y), if x > 1 and y ≤ 1,
(x, y2), if x ≤ 1 and y > 1,
(x2, y2), if x > 1 and y > 1
and for s = (s1, s2) ∈ int P ∪ {0}with v = min{s1, s2},
φ(s) =

(
v2
2
,
v2
2
)
, if v ≤ 1,(
1
2
,
1
2
)
, if v > 1.
Then ψ and φ have the properties mentioned in Theorems 3.2 and 3.3.
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Let f , g : X −→ X be defined respectively as follows:
f α = β, f β = β, f γ = α and f δ = β
and
gα = γ , gβ = β, gγ = γ and gδ = α.
Then f and g have the properties mentioned in Theorems 3.2 and 3.3.
Also, f and g satisfy the inequalities (3.9) and (3.15).
Hence the conditions of Theorems 3.2 and 3.3 are satisfied.
Here it is seen that β is the unique point of coincidence and also the unique common fixed point of f and g .
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